CS7800: Advanced Algorithms
Soheil Behnezhad

Flow Augmentation



Speeding Up Ford-Fulkerson

e Start with f(e) = Oforalledgese € E
* Find an augmenting path P in the residual graph G

 Repeat until you get stuck *
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Choosing Good Augmenting Paths

* Last time: arbitrary augmenting paths
* |f Ford-Fulkerson terminates, then we have found a max flow
e Can construct capacities where the algorithm never terminates
e Can require many augmenting paths to terminate

* Today: clever augmenting paths
* Maximum-capacity augmenting path (“fattest path”)
e Shortest augmenting paths (“shortest path”)
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Fattest Augmenting Path

Choose the augmenting path with largest bottleneck value.

* Claim: Can find the fattest augmenting path in time O(mlogn)

Proof: Can use variants of Prim’s or Kruskal’s algorithms.
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Fattest Augmenting Path

Arbitrary Paths Maximum-Capacity Path
* Assume integer capacities * Assume integer capacities
y " oo cesitdl o,
* Value of maxflow: v" * Value of maxflow: v"
* Value of aug path: = 1 * Value of aug path: zq}}m
* Flow remaining in Gg: < v" — 1 * Flow remaining in G¢: ¥ _47/‘?
* #of aug paths: < v~ * # of aug paths: =(-39) !
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Fattest Augmenting Path

* f*is a maximum flow with value v* = val(f™)
e P is a fattest augmenting s-t path with capacity B

 Key Claim: B = L
m
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Flow Networks

Flow Decomposition Theorem. Every non-negative (s, t)-flow f can be writ-
ten as a positive linear combination of directed (s, t)-paths and directed cycles.
Moreover, a directed edge u—v appears in at least one of these paths or cycles

if and only if f (u—v) > 0, and the total number of paths and cycles is at most
the number of edges in the network.
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Fattest Augmenting Path

Choose the augmenting path with largest bottleneck value.

* Claim: Can find the fattest augmenting path in time O(mlogn)

Proof: Can use variants of Prim’s or Kruskal’s algorithms.



Fattest Augmenting Path

Choose the augmenting path with largest bottleneck value.

* Theorem: The fattest augmenting path algorithm runs in
O(m?lognlog f*) time.
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Shortest Augmenting Path

Choose the augmenting path with largest bottleneck value.

* Theorem: The shortest augmenting path algorithm runs in
0 (m?n) time.

e Key Claim: During the execution of shortest augmenting path
algorithm, every edge disappears from the residual graph at
most n/2 times.
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Shortest Augmenting Path <=

* Let f; and G; be the flow after i augmentations and the
corresponding residual graph. -0 G,- G

* Let level;(v) denote the unweighted shortest path distance
fromstovinG;.

* Claim: The levels can only increase. Namely, level;(v) >
level;_,(v) for all vertices v and all integers i > 0.
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Shortest Augmenting Path

* Let f; and G; be the flow after i augmentations and the
corresponding residual graph. :

* Let level;(v) denote the unweighted shortest path distance
fromstovinG;.

* Claim: The levels can only increase. Namely, level;(v) >
level;_,(v) for all vertices v and all integers i > 0.
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Shortest Augmenting Path

* Key Claim: During the execution of shortest augmenting path

algorithm, every edge disappears from the residual graph at
most n/2 times.

e Claim? Suppose (u, v) is in two residual graphs G;, G; j+1 but not
in any of G;1.4, ..., G;. Then level;(u) = level;(u) + 2
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